An internal characterization of complete metric mappings (by means of Cauchy nets tied at a point) is given and a construction of the completion of a metric mapping is presented.
Introduction
The notion of complete trivially metric mapping as generalization to mappings of the corresponding notion for metric spaces (see, for example, [N] and [P 1 ]) was recently introduced by Pasynkov in [P 2 ]. Let X be a set, Y be a topological space and f : X → Y be a mapping. A pseudometric d on X is called a metric (or a trivial metric in [P 2 ]) on the mapping f if for every y ∈ Y , d| f −1 ({y}×f −1 ({y} is a metric on f −1 ({y}). In such a case, the pair f : X → Y, d is called a metric mapping. The family τ (d) ∪ f −1 (τ (Y )) (where τ (d) is the topology generated by the pseudometric d on X and τ (Y ) is the topology of Y ) is a subbase for a topology on X that will be called the metric topology of the mapping f and that will be denoted with τ (f, d). Obviously, a base for this topology is given by B(f, d) = {U ∩ f −1 (V ) : U ∈ τ (d), V ∈ τ (Y )} (see also the definition of base of a mapping in [P 1 ]) and in case X is a space whose topology τ (X) coincides with τ (f, d), the mapping f : X → Y is said trivally-metrizable (see [P 2 ] and [NP] ).
In [P 2 ], it is proved that every metric mapping f : X → Y can be densely isometrically embedded in a complete metric mapping f * : X * → Y (called the completion of f ) which is unique up to isometric equivalences. That result was obtained by reducing the proof to an equivalent case for spaces (by using the notion of mapping parallel to a space).
In this paper, we will give a characterization of complete mappings by means of the notion of Cauchy nets tied at a point. This furnish an analogous for mappings of a well-known result for complete metric spaces. In the second section, by using the previous result, we will give an alternative (internal) construction for the completion of a metric mapping.
Characterization of complete mappings
Definition 1. Let d be a metric on the mapping f : X → Y and y a point of the space Y . A net Φ : D → X on the set X is called a Cauchy net (on the mapping f ) tied to y if:
• for any ǫ > 0 there exists some α ∈ D such that for every β, γ ≥ α, d (Φ(β), Φ(γ)) < ǫ, and
LEMMA 2. Let f : X → Y, d be a matric mapping and Φ : D → X is a Cauchy net tied to a point y ∈ Y . Then
with respect to the metric topology τ (f, d) of the mapping f .
Proof.
Obviously, we have only to prove that a
This proves that x is a limit point of Φ with respect to τ (f, d) and concludes our proof. Proof.
(=⇒) Let (f, d) be complete, y ∈ Y and Φ : D → X a Cauchy net tied to y. It is well-known (see [E] , for example) that
is a filter on X that has exactly the same cluster and limit points as Φ.
It is trivial to verify that the set
and it is a well-known fact (see [E] ) that the map
is a net on X having exactly the same cluster and limit points as F . Now, for every ǫ > 0, there exists some
. This proves that Φ(F ) is a Cauchy net tied to y. Hence, by hypothesis, we have that
Since, a X (F ) = a X Φ(F ) , we conclude that:
i.e. that the d is a complete metric on the mapping f : X → Y .
Construction of the completion of a metric mapping
Let d and d ′ be metrics on the mappings f :
Definition 4. [P 2 ] We say that a mapping f * : X * → Y is a completion of a metric mapping f : X → Y if it is a complete metric mapping and some dense isometric embedding λ : f → f * is fixed.
In [P 2 ], Pasynkov proved that every metric mapping f : X → Y has a completion which is unique up to isometric equivalences. The existence of the completion was proved indirectly (by means of ...) and for this reason it would be interesting to furnish a direct construction here.
Let d be a metric on a mapping f : X → Y . For any fixed y ∈ Y , let us consider the set C y of all the Cauchy nets on X tied to y and the equivalence relation ∼ y that, for any Φ : D → X and Φ : D ′ → X in C y , is defined by setting:
Let C * y = C y ∼y be the set of all the equivalence classes Φ * of C y with respect to ∼ y and let us consider the disjoint union
For every (Φ * , y), (Φ ′ * , y ′ ) ∈ X * , we consider the mapping d * : X * ×X * → R + defined by
where, obviously the partial order on the directed set D × D ′ is given by
The above definition is well-posed since it that limit is unique because Φ and Φ ′ are Cauchy nets and so {d(Φ(α), Φ ′ (α ′ ))} (α,α ′ )∈D×D ′ is a Cauchy net on R. Now, for any (Φ * , y), (Φ ′ * , y ′ ), (Φ ′′ * , y ′′ ) ∈ X * , we have that
Let us consider the mapping:
This mapping is evidently injective. Furthermore, for any x, x ′ ∈ X we have that
So, i : X → X ′ is an isometric embedding between the pseudo-metric spaces (X, d) and (X * , d * ) and we can identify any x with the corresponding equivalence class x * of the constant net x.
Let us define a mapping
Evidently, for every x ∈ X, we have (f *
Now, for any fixed y ∈ Y take (Φ * , y), (Φ ′ * , y ′ ) ∈ X * such that f * (Φ * , z) = f (Φ ′ * , z ′ ) = y and d * (Φ * , z), (Φ ′ * , z ′ ) = 0, it follows that z = z ′ = y and lim (α,α ′ )∈D×D ′ d Φ(α), Φ ′ (α ′ ) = 0. Hence, for every ǫ > 0, there exist some γ ∈ D and γ ′ ∈ D ′ such that for any α > γ and
This proves that, for every y ∈ Y , the restriction d * | f * −1 ({y})×f * −1 ({y}) is a metric and so that d * is a metric on the mapping f * : X * → Y .
Let us note that the mapping i : X → X * is continuous with respect to the topologies τ (f, d) and τ (f * , d * ). In fact, for every N ∈ B(f * , d * ), there are some U ∈ τ ( * ) and V ∈ τ (Y ) such that N = U ∩ f −1 (V ) and
which is an open set in τ (f, d) because the mapping i is evidently continuous with respect to τ (d) and τ (d * ).
To prove that i(X) is dense in X * with respect to τ (f * , d * ) we have to show that for every
Then, there is some ǫ > 0 such that B d * (Φ * , y), ǫ ⊆ U. Since Φ is a Cauchy net tied to y, there exists some γ ∈ D such that for every α, β γ, d(Φ(α), Φ(β)) < ǫ 2 and Φ(α) ∈ f −1 (V ). So, took x = Φ(β) for some β > γ we have that x ∈ f −1 (V ) implies f (x) ∈ V , f * (i(x)) ∈ V and i(x) ∈ f * −1 (V ). Since, for every α > γ we have that d(Φ(α), x) < ǫ 2 it also follows that d * (Φ * , y), i(x) = lim α∈D d Φ(α), x < ǫ and so that i(x) ∈ B d * (Φ * , y), ǫ . This proves that i(x) ∈ U ∩ f −1 (V ) ⊆ W .
Then i : X → X * is a isometric dense embedding from the mapping f : X → Y to f * : X * → Y .
Finally, we prove that the metric mapping (f * , d * ) is complete. Let y ∈ Y and Ψ : E → X * be a Cauchy net on X * tied to y. Then, for every λ ∈ E, Ψ(λ) = Φ * λ , y λ where y λ ∈ Y and Φ λ : D y → X is a Cauchy net tied at y λ .
For any fixed λ ∈ E and every n ∈ N * , since
n . Now, the net Λ : E × N * → X defined by Λ(λ, n) = x λn (for every (λ, n) in the directed set Λ × N * ) is evidently tied to y and it is also a Cauchy net. In fact, for every ǫ > 0, since Ψ : E → X * is Cauchy, there exists some ξ ∈ E such that for every λ, µ ≥ ξ, d * ( Ψ(λ), Ψ(µ) < ǫ 3 .
Then, fixed n 0 ∈ N * such that n 0 > 3 ǫ , for every (λ, l), (µ, m) ∈ Λ × N * such that (λ, l), (µ, m) > (ξ, n 0 ) we have that d Λ(λ, l), Λ(µ, m) = d(x λl , x µm ) = d * i(x λl ), i(x µm ) ≤ d * i(x λl ), Ψ(λ) + d * Ψ(λ), Ψ(µ) + d * Ψ(µ), i(x µm )
So, Λ ∈ C y and (Λ * , y) ∈ X * .
Since, it is clear that f * (Λ * , y) = y, to finish the proof it suffices to show that the net Ψ : E → X * converges to (Λ * , y). In fact, for every ǫ > 0, since Λ : E × N * → X is a Cauchy net, there exists some (ξ, n 0 ) ∈ E × N * such that for every (λ, l), (µ, m) ≥ (ξ, n 0 ), d( Λ(λ, l), Λ(µ, m) < ǫ 2 . Hence, for every λ ≥ ξ, we have that d * Ψ(λ), (Λ * , y) ≤ ǫ which concludes our proof.
